We investigate both the quantum and classical dynamics of a non-Hermitian system via a kicked rotor model with PT symmetry. In non-Hermitian case, the classical trajectory is assumed to be complex. We find the normal diffusion for the real part of momentum and the exponentially-fast diffusion for the imaginary part of momentum. Due to the exponentially-fast increase of some trajectories, there is a threshold time for the breakdown of classical diffusion. Our theoretical prediction of such a threshold time is in good agreement with numerical results. The quantum signature of the chaotic diffusion of the complex trajectories is reflected by the dynamics of the out-of-time-order correlators (OTOC) in the semiclassical regime. We find that the growth of the OTOC exhibits a sharp transition to infinitely large at a critical time which exponentially increases with the increase of the threshold time of the classical diffusion. In the quantum regime, the OTOC increases in the power-law of time for which the growth rate may be an indicator of the PT symmetry breaking. For the quantum dynamics, both the mean momentum and mean square of momentum exhibits the staircase growth with time when the system parameter is in the neighborhood the PT symmetry breaking Correspondingly, the second moment saturates with time. If the system parameter is very larger than the PT symmetry breaking point, the acceleration mode results in the directed spreading of the wavepackets as well as the ballistic diffusion in momentum space.
I. INTRODUCTION
The conventional quantum mechanics supposes that every physical observable is represented by a Hermitian matrix, thereby ensuring the observable possesses an entirely real eigenspectrum. However, the seminal work by Bender and Boettcher [1] was verified that Hemiticity is only a sufficient but not necessary condition to guarantee real spectrum. Since then the non-Hermitian quantum mechanics has been spurred a lot of activities, both theoretically [2] [3] [4] [5] [6] [7] [8] [9] and experimentally (see e.g., Ref. [10] and references therein), in various areas of the quantum physics. Non-Hermitian quantum mechanics is also used to describe the reduced open quantum systems [11, 12] . The influences of the lack of Hermiticity on the properties of the system have be investigated by several works (see, e.g. [13] [14] [15] [16] [17] [18] [19] ). In particular, the non-Hermitian features have been visualized in a number of experiments [10, [20] [21] [22] [23] . A special class of non-Hermitian systems are provided by systems having complex Hamiltonians with PT symmerty [1, 4, 24, 25] . A remarkable feature of PT Hamiltonian is that it can possess an entirely real-valued spectrum below a symmetry-breaking point, albeit being non-Hermitian [1, 4, 25] . Moreover, various optical structures have been proposed to test and realize the peculiar properties of PT Hamiltonians [22, [26] [27] [28] [29] [30] [31] [32] . * zwlphys@aliyun.com † qwang@zjnu.edu.cn ‡ pqtong@njnu.edu.cn
One the other hand, the study of periodical-driven systems has attracted increasing attention in recent years. Many intrinsic quantum phenomena, such as many-body localization [33] [34] [35] , time crystal [36] [37] [38] [39] , and Floquet topological phases [40] [41] [42] [43] , have been revealed in this kind of systems. Nowadays, the time periodic systems have widely applications and play an important role in many branches of physics (see, e.g., [44] [45] [46] [47] and references therein). Therefore, it is of great interest to extend the investigations of periodical-driven quantum systems within the context of non-Hermitian quantum mechanics. Various population oscillations [48, 49] , anomalous level crossing rule [50] , unique transport behavior [47] , and the exotic topological phases [51, 52] have been revealed in the time-periodic non-Hermitian systems with PT symmetry. To get a better and deep understanding of the properties of the periodical-driven PT Hamiltonians, however, more works are still needed.
In this work, we investigate the chaotic signatures of the PT symmetric system in an extension of the periodically kicked quantum rotor model [53, 54] . As a paradigm model of periodical driving system, kicked rotor (KR) model has received a continuous interest in different fields of physics in the past three decades [55] [56] [57] [58] [59] [60] . A significant phenomenon of the KR model is the dynamical localization, which is similar to the Anderson localization of the electronic wave function in random media [58, 61] . In particular, the physical relizations of the KR model and its features have been explored in a wide variety of experiments [62] [63] [64] [65] . The PT extension of the KR model studied in this work describes a quantum particle which is periodically kicked by the PT symmetric potential.
Such a system has been studied in recent papers [53, 54] , where they were shown that depending on the form of the complex potential, the unbroken PT phase can be assisted either by the chaos [53] or by the dynamical localization [54] .
In the present article, we will reveal the chaotic features of the the PT -symmetric kicked rotor (PT KR) model via its dynamical properties. For the classical dynamics, we assume that the trajectory is complex. Accordingly, we define the second moment (SM) for both the real and imaginary parts of momentum in order to quantify the classical diffusion. In chaotic situation, the SM of the real trajectory increases linearly with time, while that of the imaginary trajectory increases exponentially. Interestingly, they all exhibits a transition to infinitely large at a threshold time τ . The underlying physics is due to the exponentially fast increase of the magnitude of some complex trajectories. Our theoretical prediction of the critical time τ is in good agreement with numerical results.
To further demonstrate the chaotic features in the quantum dynamics, we assess the out-of-time-order correlators (OTOC) [66, 67] , which as a measurement of quantum chaos and the spread of information has been widely explored, both theoretically (see, e.g., Refs. [68] [69] [70] [71] [72] [73] and references therein) and experimentally [74] [75] [76] [77] , in recent years. We find that, in semiclassical regime, the evolution of OTOC displays a sharp transition to infinitely large at a threshold time t * . Intrinsically, such a critical time is closely related to the transition points τ of classical diffusion t * ∝ e 2τ , which reveals that the OTOC is a quantum signature of the classically-chaotic diffusion of complex trajectories. When the critical time t * is larger than the Ehrenfest time, one can find the exponential growth of the OTOC during the Ehrenfest time, beyond which it increases in the power-law of time. In the quantum regime, the OTOC also exhibits the powerlaw growth with time for which the growth rate has a peak when the strength of imaginary kicking potential is within the neighborhood of PT -symmetry breaking point. Therefore, the OTOC maybe an indicator of the PT -symmetric phase transition. Finally, we investigate the quantum diffusion of the PT KR model. We find that, in the neighborhood of PT -symmetry breaking point, the transition between quasieigenstates leads to the jump of both the mean momentum and mean square of momentum. The very strong imaginary kicking produces stable wavepackets which spreads unidirectionally and diffuses ballistically with time.
The article is organized as follows. In Sec. II, we describe our model and show the classically-chaotic dynamics. In Sec. III, we reveal the quantum signature of the chaotic diffusion via the dynamics of the OTOC. In Sec. IV, we investigate the wavepakcets dynamics. Summary is presented in Sec. V.
II. CHAOTIC DIFFUSION OF COMPLEX TRAJECTORY
We consider the PT KR model for which the Hamiltonian in dimensionless units takes the form [54] 
with
where p is the angle momentum, θ is the angular coordinate, K is the strength of the real part of the kicking potential, and λ indicates the strength of the imaginary part of the kicking potential. The kicking potential satisfies the condition of PT symmetry V (θ) = V * (−θ) [53] . We assume that the classical equation of motion of this system is govern by the Hamiltonian principle [78] . Then, the classical mapping equation reads [79] 
where θ n and p n separately denote the angle and the angular momentum after the nth kick. Due to the nonHermitian property, the classical trajectory should be complex [78] 
Substituting Eq. (4) into Eq. (3) yields the evolution equations for (θ
Based on the above equations, we investigate the classical dynamics of such a non-Hermitian system. Due to the non-Hermitian property, some trajectories will exponentially increase with time. For example, we consider a special trajectory with initial value p It is easy to prove that, at the time t n = n, the real part of both the angular and angle momentum of this trajectory is zero, i.e., p r n = 0 and θ r n = 0, while its imaginary part exponentially increases, i.e., p i n = θ i n = −λK n [80] . Note that in the derivation of p i n and θ i n we have used the condition
Such exponential increase breaks down if K t λ ∼ 1. Thus, a rough estimation for the threshold time is
Beyond the threshold time, i.e., t > t c , the magnitude of this trajectory increases much faster than the exponential law. Consequently, it exceeds the maximum value of the double-type variable which is about D max ≈ 10 308 . We numerically investigate the number of the trajectories N max for which the magnitude of p r or p i is larger than D max . In numerical simulations, we set the initial values of classical trajectories as p i = p r = 0, θ i = 0, and θ r being randomly distributed in [−π, π] with uniform probability. The total number of trajectories is N = 10
5 . Our numerical result shows that the value of N max remains zero for time smaller than a threshold value t c , which demonstrates that |p i | < D max and |p r | < D max for all of the trajectories. When time is larger than the critical time, the value of N max gradually increases until the saturation [see Fig. 1(a) ], which demonstrates the growth of the number of trajectories with |p i | > D max (or |p r | > D max ). We further investigate the threshold time t c for different K and λ. Interestingly, we find that the dependence of t c on system parameters can be well described by our theoretical prediction in Eq. (10) A natural question is how does the exponentially-fast growth of complex trajectories affect classically-chaotic diffusion. In order to quantify the classical diffusion, we separately define the SM for the real and imaginary parts of momentum as
and
Since some trajectories increase extremely fast with time, we should numerically check whether the magnitude of
If it does, we should drop these trajectories. In our numerical simulation, the initial value of classical trajectories and the number of total trajectories are the same as in the above investigation of N max .
The time evolution of M . Taking into account the exponentially-fast growth of some trajectories, i.e., |p i (t)| ≈ λK t , we can safely believe that the corresponding SM increases in the law
with α = 2 ln(K) and β = 2 ln(λ). As a further step, we numerically investigate the threshold time τ for different K and λ. Our numerical results show that the τ is in perfect consistence with t c [see Fig. 1(b) ], which yields
This again reveals that the exponentially-fast growth of M i 2 (t) is due to the exponentially-fast growth of some trajectories. Equation (14) demonstrates that the time interval for the exponential-growth of M i 2 (t) decreases with the increase of λ. For λ ≥ 1/K, we can not observe such a phenomenon as τ ≤ 1.
III. QUANTUM SIGNATURE OF CHAOTIC DIFFUSION
The Schrödinger equation of the PT KR model in dimensionless unites takes the form
where θ is the angular coordinate, p is the angle momentum operator written as p = −i eff ∂/∂θ, and eff is the effective Planck constant. In the basis of the momentum operator p|ϕ n = n eff |ϕ n with θ|ϕ n = e inθ / √ 2π, an arbitrary quantum state is expanded as |ψ = n ψ n |ϕ n . The time evolution of a quantum state is governed by the Floquet operator The eigenequation of the Floquet operator reads
where ε is the quasienergy. An intrinsic property of this system is that the real quasienergy eigenvalues become complex, i.e., ε = ε r ± ε i , when the strength of the imaginary part of the complex potential exceeds a threshold value λ c [53, 54] . Such a phenomenon is named as the spontaneous PT -symmetry breaking. Recently, the OTOC C(t) = [Â(t),B] 2 has received extensive investigations, since it is an effective indicator of chaos in quantum systems [66, 72, 76, 81] . We consider the case that bothÂ andB are angle momentum operators, hence
2 . Previous investigations report that, for eff ≪ 1, the time dependence of C(t) of the Hermitian KR system (i.e., λ = 0) is consistent with its classical counterpart, i.e., C(t) = 2 eff C cl (t) for time smaller the Ehrenfest time, i.e., t < t E . Both of them exponentially increase with time C(t) ∝ e γt where γ = 2 ln(K) [82] . For t > t E , there is a transition for C(t) from the exponentially-fast increase to the power-law increase, i.e., C(t) ∝ t 2 [81] . Here, we investigate the dynamics of the OTOC in the semiclassical regime ( eff ≪ 1) for different λ. In numerical simulations, the initial state is set as a Gaussian function ψ(θ) = ( We further investigation the dynamics of the OTOC for large eff . Figure 4(a) shows that, for different λ, the C(t) exhibits the power-law increase with time, i.e., C(t) ∝ t η . The comparison of the time-dependence of C(t) between very small λ (e.g., λ = 10 −5 ) and relatively large λ (e.g., λ = 0.1) reveals that they have slight difference with almost the same power, i.e., η ≈ 2. In contrast, for moderately large λ (e.g., λ = 0.01), the C(t) increases much rapidly with time, for which η ≈ 3.6. In fact, for λ ≪ 1, the quantum dynamics of the this system should be consistent with that of the Hermitian system. Previous investigation on the OTOC for Hermitian KR has found the power-law increase of the form C(t) ∝ t 2 [81] . Here, we analytically prove that η = 2 for very large λ. The OTOC can be decomposed as
where
, and the Re[· · · ] means the real part of a complex variable. We find that, for very large λ, the contribution of the term I is larger than that of the other terms for almost two orders of magnitude, i.e., I ≫ D and I ≫ Re[F(t)]. Thus, we neglect these two terms and approximately rewrite the OTOC as
where we define the quantum state |ψ =Û † (t)pÛ (t)|ψ . It is evident that the C(t) can be regarded as the mean square of momentum corresponding to the state |ψ .
The Floquet operator U takes the form
where the free evolution operator U f = exp(−ip 2 /2 eff ), the evolution operator of the real part of the kicking potential U r K = exp [−iK cos(θ)/ eff ], and that of the imaginary part
is real variable, it keeps the same form during forward U and backward time evolution U † . In condition that λK/ eff ≫ 1, the operation U i K on an arbitrary quantum state approximately yields a Gaussian wavefunction [83] . If we assume ψ ′ (t) = pU (t)ψ(θ, 0), this state becomes a Gaussian wavepacket after the action of U † (t). Namely,
We previously find that the time dependence of the center of the above wavepackets follows the ruleθ t = π/2 and p t = γt [83] . Then, substitution this Gaussian wavepackets to Eq. (19) yields the power-law growth of OTOC C(t) ∝ t 2 . Furthermore, we numerically investigate the power η of the OTOC for different λ. the value of η equals two as λ varying, except a peak around a specific value of λ. Interestingly, we find that the value of λ for the peak of η is within the neighborhood of the PT -symmetry breaking point λ c . The value of λ c is numerically determined by calculating the averaged value of the imaginary part of the quasienergȳ
where N is the dimension of the Floquet matrix and ε j i denotes the imaginary part of the jth the quasienergy [54] . We numerically investigate theε i for different λ. From the inset in Fig. 5(b) , one can see that the value ofε i is virtually zero for small λ, which demonstrates that all of the quasieneries are real. After a threshold value λ c , the value ofε i gradually increases with increasing λ, which implies the breaking of the PTsymmetry. It is known that a pair of complex quasienergy appears when λ > λ c [53] , moreover the number of such pairs increases with the increase of λ. This results in the growth ofε i with λ.
In the present work, we numerically investigate the transition point λ c for different K and eff . We find that, for small K [e.g., K 5 in Fig. 5(a) ], the λ c is the polynomial function of eff , i.e., λ c ∝ ξ eff . Interestingly, for K > 5, the λ c increases exponentially with eff [see Fig. 5(b) ]. It is worth noting that the polynomial dependence of λ c on eff implies that the value of λ c will approach to zero with decreasing eff , hence in the semiclassical limit ( eff << 1) the PT symmetry can be broken by a nonzero λ. For the exponential dependence, however, the λ c saturates to a nonzero value with decreasing eff , which means that the PT symmetry can be preserved if the strength of imaginary potential is sufficiently small. Our result is a confirmation of the assistance of the conservation of PT symmetry by classical chaos [53] .
IV. WAVEPACKETS DYNAMICS
For quantum dynamics, the standard deviation of the wavepackets in momentum space is defined as
where p(t) = n p n |ψ n (t)| 2 /N is the mean momentum, p 2 (t) = n p 2 n |ψ n (t)| 2 /N is the mean square of the momentum, and N (t) = n |ψ n (t)| 2 is the norm of a quantum state. Note that such a definition of M 2 has drop the contribution from the increase of the norm due to the breaking of PT symmetry. We numerically investigate the M 2 (t) for a wide regime of λ, so that we can observe the rich physics resulting from the breaking of PT symmetry. In numerical simulations, the initial state is the ground state of the unperturbed Hamiltonian H 0 = p 2 /2, i.e., ψ 0 (θ) = 1/ √ 2π. Our numerical results show that, for small λ [e.g., λ = 0.02 in Fig. 6(a) ], the M 2 increases during a very short time interval, after which it asymptotically unchanged with time evolution. Correspondingly, both the p and p 2 saturates as time evolves [see Fig. 6(b) ]. In this situation, the wave function is exponentially localized in momentum space and quasiperiodically appears with time evolution. More important is that such exponential localization is asymmetric, for which the probability distribution in positive momentum is much larger [see Fig. 7(a) ]. This leads to the positive values of mean momentum. It is reasonable to believed that the mechanism of dynamical localization governs the quasiperiodic evolution of quantum states, when the PT symmetry is preserved for very small λ
We further investigate the wavepackets dynamics for the case that the value of λ is in the vicinity of the phase-transition point, i.e., λ ≈ λ c . Our numerical results show that the variance M 2 saturates rapidly with time evolution, while there are some peaks occurring irregularly [see Fig. 6(c) ]. The corresponding mean values of both the p and p 2 exhibits the stepwise growth with time [see Fig. 6(d) ]. Detailed observations find that each peak of M 2 corresponds to the jump of the p and p 2 from lower stair to the upper one [see Fig. 6(d) ]. And the plateau of these two mean values corresponds to the saturation region of the M 2 . The underlying physics of such intrinsic phenomenon of the quantum diffusion can be revealed by the time evolution of wavepackets in momentum space. The comparison of the quantum states at different time demonstrates that the momentum distribution has almost fixed width corresponding to the saturation of M 2 [see Fig. 7(b) ]. The spreading of the wavepackets to the positive direction in momentum space results in the increase of both the p and p 2 . In fact, we previously found that, for λ ≈ λ c , the quantum state corresponding to the appearance of the plateau of mean values is virtually the quasieignstate for which the imaginary part of the quasienergy ε i is significantly large. Moreover, the quasieignstates are exponentially-localized in momentum space. The transition of the quantum state between different quasieigenstates leads to the jumping of mean values [83] .
We also investigate the quantum diffusion for large λ, i.e., λ ≫ λ c . Our results show that M 2 (t) saturates very rapidly as time evolves [e.g., λ = 0.5 in Fig. 6(e) ]. Correspondingly, the p increases linearly with time, i.e., p ≈ Rt, which leads to the ballistic diffusion of the energy, i.e., p 2 ≈ R 2 t 2 [see Fig. 6(f) ]. Corresponding to the linear growth of the mean momentum, the wave packet has a stable shape and spreads to the positive direction in momentum space [see Fig. 7(c) ]. In angular coordinate space, the wavepackets is mainly localized around the position of θ 0 = π/2 [see Fig. 7(d) ]. This is due to the gain-or-loss mechanism of the non-Hermitian kicking potential, i.e., U λ = exp[Kλ sin(θ)/ eff ]. The maximum value of U λ corresponds to θ 0 . After the action of U λ , a quantum state is greatly enlarged within the neighborhood of θ 0 . Remember that, the driven force of the real part of the kicking potential K cos(θ) is positive for θ ∈ (0, π). Therefore, the quantum particle moves to positive direction. 
V. SUMMARY
In this work, we make detailed investigation on both the classical and quantum dynamics of the PT KR model. For the classical dynamics, some trajectories exponentially increase with time, which leads to the exponentially-fast diffusion of imaginary momentum, i.e., M i 2 (t) ≈ exp(αt + β) with α = 2 ln(K) and β = 2 ln(λ). The real part of the momentum exhibits the normal diffusion, i.e., M r 2 = Dt. The classical diffusion for both the real and imaginary momentum breaks down at a threshold time which depends on the system parameter in the form of τ ≈ − log λ K . The quantum signature of chaotic diffusion of complex trajectories is reflected by the dynamics of the OTOC C(t). In the semiclassical regime, i.e., eff ≪ 1, the time-evolution of the OTOC follows its classical counterpart C(t) = 2 eff C cl (t) ∝ e γt for time smaller than the Ehrenfest time, i.e., t < t E , after which it increases with the power law, i.e., C(t) ∝ t 2 . For sufficiently-long time evolution, the C(t) will exhibit a sharp transition to infinitely large at a threshold time t * . Intrinsically, this quantum critical time is closely related to the critical time of classical diffusion τ , i.e., t * ≈ e 2τ , which implies that the physics of complex trajectories can be revealed by OTOC. In the quantum regime, the OTOC increases in the power-law of time, i.e., C(t) ∝ t η . We find that the power η is larger than two when the parameter λ is in the neighborhood of the PT -symmetric breaking points λ ≈ λ c , otherwise η = 2. Thus, the OTOC maybe an indicator of the PT -symmetry phase transition.
Finally, we investigate the quantum diffusion which is quantified by the second moment M 2 of the wavepackets in momentum space. For λ ≈ λ c , the M 2 is asymptotically unchanged expect some peaks occurring irregularly. This is due to the fact that the quantum states evolves to the quasieigenstates which is exponentially localized at different center in momentum space. The transition between different quasieigenstates leads to the irregular occurrence of the peaks of M 2 . For λ ≫ λ c , the non-Hermitian kicking potential produces the stabilized wavepakets, which accelerates unboundedly towards positive direction. In this situation, the quantum particle diffuses ballistically with fixed value of M 2 . Our investigations may sight a new light on quantum chaos and quantum-classical correspondence of non-Hermitian systems.
Taking Eq. (A2) to the first equation of Eq. (A1) yields
Accordingly, we get the evolution equations for the angular momentum 
Then, the evolution equations for the angle coordinate take the form
As a conclusion, the classical mapping equations for the complex trajectory read 
By repeating the same derivation, we find that the real part of the trajectory at the time t = 1 is zero, 
At the time t 3 = 3, we can prove that p For further derivation, we assume that
Then,
where we have neglected the terms of both Kλ and −K 2 λ as they are much smaller than K 3 λ. The imaginary part of the angular coordinate is
By repeating the same procedure, one can get the trajectory at any time t = n p r n = 0 ,
Note that in the derivation of p i n and θ i n we have used the condition
